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Cooling is used as a lter on a set of gluon elds sampling the Wilson action to selectively remove essentially
all uctuations of the gluon eld except for the instantons. The close agreement between quenched lattice QCD
results with cooled and uncooled congurations for vacuum correlation functions of hadronic currents and for
density-density correlation functions in hadronic bound states provides strong evidence for the dominant role of
instantons in determining light hadron structure and quark propagation in the QCD vacuum.
1. Introduction
To elucidate the role of instantons in hadron
structure, we consider correlation functions which
characterize the gross structure of hadrons and
quark propagation in the QCD vacuum and which
are well described by quenched lattice QCD cal-
culations which sample the full Wilson action.
These calculations include all the uctuations
and topological excitations of the gluon eld
and thus include the full perturbative and non-
perturbative eects of the short range Coulomb
and hyperne interactions, connement, and in-
stantons. We then use cooling to remove essen-
tially all uctuations of the gluon eld except for
the instantons which, because of their topology,
cannot be removed by local minimization of the
action. Thus, both the Coulomb interaction and
connement are almost completely removed while
retaining most of the instanton content. To the
extent to which the gross features of light hadron
structure and quark propagation in the QCD vac-
uum are unaected by removing all the gluonic

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modes except instantons, we have strong evidence
for the dominant role of instantons.
The vacuum correlation functions we consider
are the point-to-point equal time correlation func-
tions of hadronic currents
R(x) = h
 jT J(x)

J(0) j
i
discussed in detail by Shuryak [1] and recently
calculated in quenched lattice QCD [2].
To characterize the gross properties of hadrons,
in addition to the mass, we consider quark
density-density correlation functions [3{5] (x) =
hhj^(x) ^(0)jhi. In contrast to wave functions,
which have large contributions from the gluon
wave functional associated with the gauge choice
or denition of a gauge invariant amplitude
[6], the density-density correlation function is
a gauge-invariant physical observable which di-
rectly species the spatial distribution of quarks.
This work is strongly motivated by the physical
arguments and instanton models of QCD [7{9] in
which the zero modes associated with instantons
produce localized quark states and quark propa-
gation takes place primarily by hopping between
these states.
1
2. Lattice Calculations
Cooling [10, 11] is used as a lter to extract
the instanton content of 19 gluon congurations
obtained by sampling the standard Wilson ac-
tion on a 16
3
 24 lattice at
6
g
2
= 5:7. We used
the Cabibbo-Marinari [12] algorithm with three
SU (2) subgroups and  =1 to minimize the ac-
tion sequentially on each link of the lattice in each
cooling step.
To monitor the ltering of dierent degrees of
freedom as a function of cooling steps, we mea-
sure several gluonic observables. Short wave-
length uctuations giving rise to the Coulomb
and hyperne interactions are reected in the
total action S. Connement is monitored by
measuring the string tension extracted from a
4  7 Wilson loop, and we refer to results
from an earlier calculation at the same value
of  with the same cooling algorithm [13]. Fi-
nally, to monitor the instanton content, we mea-
sure the topological charge hQi and topological
susceptibility hQ
2
i, using the simplest expres-
sion for the topological charge density Q(x
n
) =
 
1
32
2


ReTr [U

(x
n
)U

(x
n
)]. Note that
for a random ensemble of Poisson distributed
instantons and anti-instantons, hQi = 0 and
hQ
2
i = I+A, the number of instantons plus anti-
instantons.
The correlation functions we calculate in the
pseudoscalar, vector, nucleon and Delta channels
are
R(x) = h
jT J
p
(x)

J
p
(0)j
i ;
R(x) = h
jT J

(x)

J

(0)j
i ;
R(x) =
1
4
Tr
 
h
jT J
N
(x)

J
N
(0)j
ix




;
and
R(x) =
1
4
Tr
 
h
jT J


(x)

J


(0)j
ix




;
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

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:
As in Refs. [1] and [2], we consider the ratio of
the correlation function in QCD to the correla-
tion function for non-interacting massless quarks,
R(x)
R
0
(x)
, which approaches one as x ! 0 and dis-
plays a broad range of non-perturbative eects
for x of the order of 1 fm. The eects of lattice
anisotropy are removed by calculating R
0
(x) on
the same lattice as R(x) and measuring the ratio
for a cone of lattice sites concentrated around the
diagonal. Finite lattice volume eects are cor-
rected by subtracting the contributions of rst
images, and the correlation functions are t by
a spectral function parameterized by a resonance
mass, the coupling to the resonance, and the con-
tinuum threshold. Hadron density correlation
functions, hhj
u
(x)
d
(0)jhi, are calculated as in
Refs. [4], [5], and [14] for the pion, rho and nu-
cleon, where 
u
= u
0
u and similarly for 
d
. Im-
age corrections for nite volume eects are ap-
plied as in Ref. [14].
A signicant conceptual issue in comparing ob-
servables calculated using cooled congurations
with uncooled results is how to change the renor-
malization of the bare mass and coupling constant
as the gluon congurations are cooled. We use
the physical pion and nucleon masses to deter-
mine  and a for the cooled congurations, with
the result that a changes by  16% after 25 cool-
ing steps and the rho mass remains unchanged
within errors with this value of a.
3. Instanton content of the gluon vacuum
To provide a clear picture of how cooling ex-
tracts the instanton content of a thermalized glu-
onic conguration, we display in Fig. 1 the ac-
tion density S(1; 1; z; t) and topological charge
density Q(1; 1; z; t) for a typical slice of a gluon
conguration before cooling and after 25 and 50
cooling steps. As one can see, there is no rec-
ognizable structure before cooling. Large, short
wavelength uctuations of the order of the lattice
spacing dominate both the action and topological
charge density. After 25 cooling steps, three in-
stantons and two anti-instantons can be identied
clearly. The action density peaks are completely
correlated in position and shape with the topo-
logical charge density peaks for instantons and
with the topological charge density valleys for
anti-instantons. Note that both the action and
topological charge densities are reduced by more
2
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Figure 1. Cooling history for a typical slice of a
gluon conguration at xed x and y as a func-
tion of z and t. The left column shows the action
density S(1; 1; z; t) before cooling (a), after cool-
ing for 25 steps (c) and after 50 steps (e). The
right column shows the topological charge density
Q(1; 1; z; t) before cooling (b), after cooling for 25
steps (d) and after 50 steps (f).
than two orders of magnitude, so that the uc-
tuations removed by cooling are several orders of
magnitude larger than the topological excitations
that are retained. Further cooling to 50 steps re-
sults in the annihilation of the nearby instanton{
anti-instanton pair but retains the well separated
instantons and anti-instanton.
As expected, the action is dominated by the
short range modes and is therefore very strongly
aected by cooling. Denoting the action of a sin-
gle instanton by S
0
= 8
2
=g
2
, < S > =S
0
de-
creases from 20,211 before cooling to 64 and 31
at 25 and 50 sweeps respectively. The topological
charge is less sensitive to short range modes, and
Figure 2. Topological charge density{density cor-
relation function after 25 cooling steps. Lattice
measurements are denoted by solid points with
error bars. The curve shows the best t obtained
using a convolution of the topological charge den-
sity for a single instanton size .
Q
2
is essentially constant at  2510 throughout
the cooling. The string tension in lattice units,
a
2
, is 0.18, 0.05, and 0.03 at 0, 25, and 50 cooling
steps. At cooling step 25, the action and string
tension have dropped to 0:3% and 27% of the un-
cooled values, indicating a dramatic reduction in
perturbative and conning eects. The dierence
between < S > =S
0
 65 and hQ
2
i  25 indi-
cates that there are sucient nearby instanton{
anti-instanton pairs in each conguration that
we have not yet reached the dilute regime where
hQ
2
i  A+I, which only sets in beyond 50 steps.
We regard the congurations cooled with 25 steps
as providing a more complete description of the
instanton content of the original congurations,
and will therefore emphasize them in our subse-
quent calculation of hadronic properties.
To estimate the instanton size we measure the
topological charge density correlation function
f(x) =
P
y
Q(y)Q(x+y) where Q(y) is the topo-
logical charge density at point y and the sum is
over the whole lattice. The ensemble average of
f(x) at cooling step 25 is displayed in Fig.2. The
strong peak at small x is the correlation of a sin-
gle instanton or anti-instanton with itself. The
vanishing of hf(x)i at large x implies that the
topological charge is uncorrelated at this larger
distance and thus averages to zero.
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If we assume that all instantons are well
separated, we would expect that each individ-
ual peak can be approximated by the analytic
instanton topological charge density Q

(x) =
6

2

4


2
x
2
+
2

4
where  is the size parameter. Al-
though in principle one should t with a distri-
bution of values of , a rst approximation is ob-
tained by using a single value of  which we will
interpret as an average value. A convolution of
Q

(x) with itself denes a function which can be
used to t the lattice data with  as the tting
parameter. The continuous curve in Fig. 3 is the
tted result with  = 2:5a for 25 cooling steps and
we similarly obtain  = 2:8a for 50 cooling steps.
The t fails to reproduce the detailed shape for
x=a  5, both because of the range in instanton
sizes and the nonlinear overlap of instantons as
observed in Fig.1. By analyzing the sizes of lumps
in the topological charge density, we also obtain
rough histograms of the distribution of instantons
with  which are consistent with the average val-
ues quoted above.
To obtain results in physical units, we use the
scale a determined from the nucleon mass, which
decreases from 0.168 fm before cooling to 0.142
fm and 0.124 fm at 25 and 50 cooling steps re-
spectively. The 16% decrease in a after 25 cool-
ing steps is quite modest, so that our qualitative
conclusions are relatively insensitive to the scale
change. The values at 25 (50) cooling steps for
the instanton size of 0.36 fm (0.35 fm), for the in-
stanton density of 1.64 fm
 4
( 1.33 fm
 4
), and for
topological charge susceptibility, , of [177 MeV]
4
([200 MeV]
4
) compare well with the values 0.33
fm, 1.0 fm
 4
, and [180 MeV]
4
used in instanton
models by Shuryak and collaborators [8].
A similar analysis of cooled congurations has
previously been carried out for SU(2) with smaller
lattices and slightly dierent techniques [15],
where the positions and magnitudes of peaks in
S(x; y; z; t) were used to determine the distribu-
tion of sizes of instantons.
Figure 3. Comparison of uncooled and cooled
vacuum correlation function ratios,
R(x)
R
0
(x)
, for
pseudoscalar currents (P ) and nucleon currents
(N ). The left, center, and right panels show re-
sults for uncooled QCD, 25 cooling steps, and 50
cooling steps respectively. The solid points with
error bars denote lattice correlation functions ex-
trapolated to m

= 140 MeV. The solid lines de-
note ts to the correlation functions using a three-
parameter spectral function, and the dashed and
dotted curves show the contributions of the con-
tinuum and resonance components of the spectral
functions respectively. The upper scale shows the
spatial separation in lattice units and the lower
scale shows the separation in physical units.
4. Hadronic observables in the cooled vac-
uum
In the top panels of Fig. 3, we show the ratio
of vacuum correlation functions for interacting to
non-interacting quarks
R(x)
R
0
(x)
in the pseudoscalar
channel for uncooled QCD, 25 cooling steps, and
50 cooling steps. This channel is by far the most
attractive of all the meson channels, as reected
in the fact that the correlation function for in-
teracting quarks is roughly 50 times larger than
for free quarks, and is thus the only channel to
be plotted on a log scale. Since the pion mass is
used to determine the base quark mass, masses of
the pion resonance term in Fig. 3 are constrained
4
Figure 4. Comparison of uncooled and cooled
vacuum correlation function ratios,
R(x)
R
0
(x)
, for vec-
tor currents (V ) and Delta currents (D). The
notation is the same as in Fig. 3.
to be xed at 140 MeV. Note that after 25 cool-
ing steps, the correlation function is qualitatively
similar to the uncooled result, although the mag-
nitude at 1.5 fm is roughly half as large. After
an additional 25 cooling steps, the peak grows in
strength. Apparently, although the distribution
of instantons after 50 steps is more dilute and less
representative of the QCD vacuum than after 25
steps, it reproduces the uncooled correlation func-
tion slightly better. To assure that this behav-
ior is not a statistical artifact, in this and every
other channel we analyzed two independent sets
of 9 and 10 congurations separately and veried
that the same behavior occurred in both cases.
Analogous results for
R(x)
R
0
(x)
in the nucleon chan-
nel are shown in the bottom panels of Fig. 3,
where again the nucleon mass is constrained to
be constant because it is used to determine the
lattice spacing. The behavior is similar to that
in the pseudoscalar channel. After 25 sweeps, the
correlation function is qualitatively similar to the
uncooled result. In detail, the peak also appears
lower after cooling, although this time it agrees
within errors. After an additional 25 sweeps the
peak height increases again, agreeing even more
closely with the uncooled result.
The ratios of correlation functions
R(x)
R
0
(x)
for
the vector channel are shown in the upper panels
of Fig. 4. The  mass governing the resonance
peak is unconstrained, but does not change sig-
nicantly with cooling. Furthermore, there is vir-
tually no change in the correlation function ratio
with cooling. Similarly, in the  channel the peak
position does not shift signicantly with cooling
and while its height appears to increase some-
what, the errors are consistent with its staying
constant.
Density-density correlation functions in the
ground state of the pion, rho, and nucleon are
shown in Fig. 5. The errors for the uncooled re-
sults have been suppressed for clarity since they
are comparable to those for the cooled results.
The striking result for both the rho and the
nucleon is the fact that the spatial distribution of
quarks is essentially unaected by cooling | in-
stantons alone govern the gross structure of these
hadrons, as indeed they also governed vacuum
correlation functions of hadron currents in these
same channels. The only case in which a notice-
able change is brought about by cooling is in the
short distance behavior of the ground state of the
pion. This is understandable since in the physi-
cal pion, in addition to instanton induced inter-
actions, there is also a strong attractive hyperne
interaction arising from perturbative QCD which,
combined with the 1=r interaction, gives rise to
the central peak in the density. In the rho, the
hyperne interaction has much less eect, both
because it is repulsive and is 3 times weaker.
It is also noteworthy that the cooled density-
density correlation functions shown in Fig. 5 for
the , , and nucleon are comparable (within er-
ror bars), strongly suggesting that instantons set
the overall spatial scale of these hadrons.
In conclusion, the close agreement between
hadronic observables with cooled and uncooled
congurations provides strong evidence for the
dominant role of instantons in determining
hadron structure and quark propagation in the
QCD vacuum.
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Figure 5. Comparison of uncooled and cooled
density-density correlation functions for the pion,
rho, and nucleon. The solid circles denote the cor-
relation functions calculated with uncooled QCD,
and the open circles with error bars show the re-
sults for 25 cooling steps. The rho and pion re-
sults are compared for m
2

= 0:16 GeV
2
and the
nucleon results are compared for m
2

= :36 GeV
2
.
As in Figs. 3 and 4, the separation is shown in
physical units. All correlation functions are nor-
malized to 1 at the origin except for the cooled
pion correlator, which is normalized to have the
same volume integral as the uncooled correlator.
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